In a short interval toward the end of 1694, Isaac Newton developed two mathematical models for the theory of the astronomical refraction and calculated two refraction tables, but did not publish his theory. Much effort has been expended, starting with Biot in 1836, in the attempt to identify the methods and equations that Newton used. In contrast to previous work, a closed form solution is identified for the refraction integral that reproduces the table for his first model (in which density decays linearly with elevation). The parameters of his second model, which includes the exponential variation of pressure in an isothermal atmosphere, have also been identified by reproducing his results. The implication is clear that in each case Newton had derived exactly the correct equations for the astronomical refraction; furthermore, he was the first to do so.
Astronomical Refraction before Newton
In the Western world, awareness of astronomical refraction extends back to the 4th Century BC [1] . However, the first person whose surviving work contains a clear atmospheric model was Ptolemy, a Greek astronomer who worked in Alexandria in the 2nd Century AD. His careful observations indicated that the apparent altitude of a star was slightly higher than its true one. His experiments on refraction in water and glass led him to conclude that air also refracted light and that the displacements of the stars were caused by this refraction. Accordingly, he visualized that the atmosphere consisted of a uniform spherical shell of air surrounding and concentric with the Earth (see Fig. 1 ). Outside of this shell was the ether that carried the stars in their orbits. Because the ether was far less dense than air, the refraction that would take place as a ray of light crossed the air-ether interface would have the effect of raising the apparent altitude of a star. Although Ptolemy did not try to measure the refraction, his model produced qualitatively correct results. This model endured for 15 centuries.
Astronomical measurements precise enough for the development of theories were first made by Tycho Brahe in the 16th Century. As his naked-eye instruments could achieve a resolution of 1 arc min, correction for astronomical refraction could no longer be avoided. Using his own careful measurements, Tycho became the first astronomer to construct a table of refractions [2] , which he published in 1596 [3] . He did not, however, try to find a mathematical model to fit his data. This was done by his successor, Johannes Kepler, who developed a mathematical theory of refraction based on the Ptolemaic atmospheric model. In spite of much effort, the law of refraction that he deduced, while reasonably accurate, was not the correct one. Nevertheless, the table that he calculated holds up surprisingly well when compared with modern tables, at least for zenith distances less than 70°. Kepler was the first to calculate a table of refractions; he published it in 1604 [4] .
Probably the last application of the Ptolemaic model was made by Gian Domenico Cassini in 1662 [5] . He applied the recently discovered Snell's law of refraction to the air-ether interface and adjusted his parameters to produce quite a good refraction table [6] . Its predictions were correct to within a few arcseconds [7] for zenith distances up to 70°. By this time the Ptolemaic model was just a convenient way of calculating; astronomers were already well aware that the true path of a light ray through the atmosphere was a curve.
In 1681, John Flamsteed, the Astronomer Royal of England, made exhaustive measurements of the astronomical refraction, to an unprecedented precision of 1 arc sec. He recognized the need for a theoretical model, but, being an experimentalist, he was not capable of developing one. Finally, in 1694, he wrote to Isaac Newton to request of him the creation of a mathematical model that would permit calculation of refraction in a consistent, theoretical way that would provide the mean corrections for all observations [8] .
What Was Known about the Air in 1694?
In Newton's day, instruments for the precise measurement of atmospheric parameters were of relatively recent invention.
Measurement of air pressure was motivated by the study of the vacuum [9] . Experimentalists discovered that if a long tube filled with water was inverted into a pool of the same liquid, only a limited height (more or less always the same) of water remained in the tube. The space above the liquid was filled by the mysterious vacuum. It was soon realized that the weight of the air was supporting the column of liquid and that this weight was not constant. In 1644 in Florence, Torricelli invented the mercury barometer, a column of mercury with a calibrated scale. Atmospheric pressure could now be expressed as the length of this column. This invention reduced the size of the instrument to practical laboratory dimensions, for the height of the water column would be about 10 m, while the mercury column would be only 76 cm.
With this new instrument, experiments were soon undertaken to determine the nature of the atmosphere. The first experiment to see whether pressure varied with elevation was done in France in 1648. A qualitative result was observed, but as the true elevation difference was not known, a numerical result could not be obtained. One concrete fact was, however, accepted: that far enough away from the Earth, the pressure of the air would vanish. The question of the distribution of pressure with elevation remained. Robert Hooke was the first to solve this problem. He applied the law published by Robert Boyle in 1662, which stated an inverse proportion between the volume and the pressure of a gas. His discrete model considered a vertical column of air to be divided into 1000 parts, each having the same weight. Although Hooke was aware that gravity changed with elevation, he did not incorporate this into his model. Nor did he include any variations in temperature, because the laws relating temperature to pressure and volume had not yet been discovered. For this isothermal model, he obtained a correct result, which he published in 1665 [10] . In passing, he mentioned that one could allow the number of layers to become very large. Had he actually done this, and passed to the limit of an infinite number of layers, he would have obtained the exponential pressure variation that correctly represents the isothermal atmosphere. But calculus had not yet been discovered.
The other important parameter was temperature. This quantity was measured by the spirit-in-glass thermometer, also known as the Florentine thermometer [11] . It was invented in Florence about 1650 and reached England in 1661. Great effort was spent on giving the inner diameter of the tube a constant value, in order that the column length of the working fluid be proportional to its volume. The device was calibrated in linear fashion, usually by means of two reproducible fixed points. However, in 1665 Robert Hooke proposed the use of the ice point and a reproducible degree size [12] , a system that the Royal Society of London adopted for some decades. In 1680 the ice point and boiling point of water were proposed, but not put into universal practice until later. The quantities that this instrument measured were called "degrees of heat," assumed to be linearly related to the length of the fluid column. A further physical interpretation was not attempted.
With atmospheric temperature variation, however, no progress was made. No one had any idea of the lapse rate of temperature with elevation. Even had they known it, they did not possess the physical laws that would enable them to incorporate the idea. Nevertheless, Newton and others did know that heat reduced the density of air.
Newton's Conception of Optics in 1694
Snell's law of refraction was universally known, although the term "index of refraction" was not yet in use. Instead, scientists always referred to the "ratio of the sines" of incidence and refraction. This ratio was known to be a constant, independent of angle, when light moved from one medium to another [13] .
Newton thought of light as a stream of small particles. In passing from one medium to another of different density, the particles would be attracted to the denser one by a refractive force normal to the interface. This force acted only in the immediate vicinity of the interface; its effective range was zero. Newton considered that the refractive force would instantaneously modify the square of a light particle's velocity by a fixed amount. In modern terms, the force would do a fixed amount of work, and modify the kinetic energy of any light particle by the same amount [14] . If the motion were into the denser medium, the change would be an increase. The component of velocity parallel to the interface would not be affected; the increase would appear only in the perpendicular component. In his Principia (1687), Newton proved that Snell's law followed from this entirely mechanical model. Further, he showed that the velocity of the light particles in the denser medium was higher, according to the ratio of sines [15] .
Newton also tried to show, from experimental evidence, that the work done by the refractive force was proportional to the density. Although he had already studied this before 1694, he did not publish the conjecture until 1704 [16] . In any case, his model produced correct results for the atmosphere.
Newton's Approach to Astronomical Refraction
In 1836, just a year after Newton's correspondence with Flamsteed first appeared in print, Jean-Baptiste Biot was the first to publish (in great detail) his interpretation of Newton's mathematical analysis [17] . As will be done here, he endeavored to put equations and methods to Newton's words. In Biot's day, the effect of the refractive force would be written as v 2 ¼ c2 þ refractive power, where v is the speed of light within a medium, c is the speed of light in free space, and refractive power (in rather loose terminology) is proportional to the work done by the refractive force. The equation would be normalized with respect to c and rearranged to read as v 2 − 1 ¼ refractive power. Since v differs from 1 by only a very small amount, the left-hand side is well represented by 2ðv − 1Þ, and thus v − 1 is proportional to the refractive power. In modern terms, we must consider Newton's v as proportional to our refractive index n, which leads one to conclude that the refractive power, as used by Biot and Newton, is proportional to what we today call the refractivity, n − 1.
Following his predecessors, Newton assumed that the atmosphere possessed spherical symmetry, concentric with the Earth. All points of equal density would have the same elevation. Thus the atmosphere could be imagined as a sequence of thin spherical shells, each having a fixed density. Refractive power was assumed to be proportional to density, a result that Hauksbee later demonstrated in 1708 [18] . Thus, v 2 − 1 would be proportional to density. Because the refractive force was normal to the spherical shells, it would always point toward the center of the Earth. Hence it would be a central force, under whose influence the light particles would follow orbits that could be calculated from his theory of planetary motion. In particular, motion under any central force would conserve the angular momentum of the light particles. In the notation of Fig. 2 , he would write vr sin θ ¼ K, a constant. He named this quantity Kepler's constant, because it arose from Kepler's law of areas. Since in Newton's theory, v ¼ nc, where n is our modern index of refraction and c is the speed of light in space, we could rewrite his equation as nr sin θ ¼ constant. This is the well known ray invariant for light paths under spherical symmetry. The ray invariant thus follows directly from Newtonian mechanics.
Newton's First Model for Astronomical Refraction
On 17 November 1694 Newton sent Flamsteed a letter containing a new refraction table [19] . It was presented in three columns giving the expected refraction for Summer, Spring-Fall, and Winter. Newton had apparently used only two of Flamsteed's observations, all he needed to set the parameters of his model: these were the "horizontal refraction" (as the refraction for zero altitude was conventionally called) and that for the altitude of 3°. In this letter, Newton said absolutely nothing about his method of calculation.
After some prodding by Flamsteed, Newton finally sent a sketch (see At any point A on the ray, r is the distance to the Earth's center, θ is the angle between the ray and the local vertical, and v is the velocity of the light particle. Its angular momentum relative to the center of force is vr sin θ.
the curve line in wch ye point F will be allways found: & if this curve line AFG cut the right line OC in G; the whole refraction of ye ray in passing from O to A will be proportional to the area AFGC & the refractions in passing through any part of that line OB or BA will be proportional to the corresponding part of the area GFCG or FACF. This Theorem is Geometrically demonstrable but the demonstration is too intricate to be set down in a Letter."
Flamsteed naturally wanted to know how one calculated the relevant areas. In his letter of 15 January 1694-1695 [21] , Newton told him how: "The areas in that Theoreme I sent you are to be determined by the 5t Lemma of my Third Book of Principia Math. But ye calculation is intricate."
The lemma to which he referred explained how one could find the areas under curves by approximating them with parabolic arcs, the areas under which were well understood. This would indeed be very accurate for the smooth curves in question, although it would require an enormous effort. This point will be elaborated later.
In Newton's sketch, Fig. 3 , shading has been added to highlight the area to which the refraction is supposed to be proportional. The distance CF to the curve is the geometric mean ("mean proportional") between the Earth's radius CD (R E ) and the distance to the ray CB (r). To facilitate the understanding of this model, one can express it in terms of modern calculus. Let f be the refraction, φ the polar angle at C, and l the distance CF. Then the refraction is to be proportional to the shaded area, or, in terms of infi-
To carry out this integration, the ray path equation rðφÞ is required. This is directly available from the ray invariant vr sin θ ¼ K, where one keeps in mind that Newton's light speed v is proportional to the modern refractive index n. From Fig. 4 , one can see that dr=rdφ ¼ cot θ. The ray invariant permits the elimination of θ through
then the differential equation of the path is obtained:
Substitution of this into df gives the following equation as the equivalent of Newton's model:
The modern form of the differential equation of refraction is [22] 
where K is the constant of the ray invariant (Kepler's constant). Since n − 1 is proportional to density, Newton's assumption of a constant density gradient makes dn=dr constant. Then if the numerator term 1=n is replaced by unity (introducing an error of less than 3 parts in 10000) one obtains
exactly Newton's result. Clearly Newton fully understood the mathematics of astronomical refraction; and he was the first to do so [23] .
To determine his constants of proportionality, Newton had two parameters to adjust: the depth of the atmosphere, h, and the refractive index at the surface, n 0 (here he would have used v 0 , the velocity of light at the surface). For this he needed two data points. He selected the refraction for the apparent 
where the ray invariant has been expressed in terms of surface parameters n 0 , R E , and the zenith angle of the ray at the observer, θ 1 : K ¼ n 0 R E sin θ 1 . Because both ερ and z=R E are much less than 1, the expansion of the numerator suffers little loss of accuracy when the product of these terms is neglected. Next replace ρ with its linear form, to obtain A as a linear function of z:
where
The numerator of the refraction integral becomes a constant:
and Eq. (3) becomes
which can be evaluated in closed form. The result is a logarithmic function:
Note that only one first-order approximation for A was necessary to get to this point. An additional first-order approximation leads to a simpler form. In the linear term of A, the coefficient
The integral is now very easy, and the result is
Calculations made with this form agree exactly (to the arcsecond) with those made with the logarithmic form. Therefore this form will be used in the following work. It is worth noting that, for the atmosphere of linear density variation, the troublesome singularity that usually arises at θ 1 ¼ 90°simply does not exist. The refraction equation contains two parameters that must be set from experimental data. They are (keeping in mind that n 0 ¼ 1 þ ερ 0 ) the quantities ερ 0 and h. The first is the refractivity of air at the surface, and the second is the height of the finite atmosphere. Two observations suffice to determine them, as Newton informed Flamsteed [25] .
Let the two reference observations be ðθ 1 ; f 1 Þ and ðθ 2 ; f 2 Þ. When substituted into Eq. (9), they yield two conditions that must be solved simultaneously. If the two n 0 terms are taken equal to one exactly (the relative error in so doing being negligible, as previously stated), then one can explicitly solve for the unknown parameters. The solutions are
Newton's A remarkable thing happens if the first data point (the horizontal refraction) is excluded. If the adjustable parameters are recalculated by using, for example, altitudes 1°and 3°, one gets ερ 0 ¼ 256:63 × 10 −6 and h ¼ 11600 m. Then a calculation of the refraction at integer values of apparent altitude from 1°on (see Table 2 ) produces an almost exact fit to Newton's table [26] . A slight optimization of the parameters, to ερ 0 ¼ 256:75 × 10 −6 and h ¼ 11620 m, reduces the errors at the half-angles to two instances of 1 arc sec each. Such agreement, unlikely to happen by chance, suggests that he did not use the horizontal refraction as one of his reference points. Searching through Flamsteed's data, I have not been able to identify exactly which two reference points he did use, but these results strongly imply that Newton's mathematical model was very like the one described by Eq. (9) above.
Newton's First Refraction Table
A few remarks on Newton's first refraction table would be in order. The refractions of summer and winter are in the ratio of 8 : 9, and the equinoctial refraction is their exact arithmetic mean. Now, to anyone doing these calculations by hand, it would be reasonable to calculate only one column and then find the other two by proportions. Biot proposed that Newton did this, calculating the winter table first [27], then finding the others by proportion. But the better numerical agreement obtained by starting with the equinoctial table suggests that Newton may have calculated it first, after which he could multiply by 16=17 and 18=17, respectively, to get the summer and winter values.
Further, Biot, still adhering to the particle model of light, suggested that Newton used orbital mechanics to determine the path of a ray through the atmosphere. Biot considered the effect of the central refractive force, which would be constant in the case of the uniform density gradient. Because orbits for such a force were extremely difficult to calculate, he suggested that Newton would have replaced it by an inverse square law force, for which the orbits were known. He argued that this was valid because an inverse square law would vary only slightly over the shallow depth of the atmosphere, and thus would be a good approximation to the constant central force.
In spite of his conviction that Newton knew the differential equation for refraction, Biot accepted Newton's instructions on how to do the calculations. The business of repeated parabolic fits would be an enormous amount of work. Given the agreement of Newton's table with the mathematical model proposed here, it seems reasonable to believe that Newton himself had worked out a closed form solution for the refraction. His message on how to do the calculation was for Flamsteed's benefit alone; someone like Flamsteed, who knew no calculus, could do it in no other way.
Biot was unable to get a good agreement between his model and Newton's table. This is understandable because he accepted Newton's statement about using the horizontal refraction as a reference point. The foregoing analysis strongly suggests that Newton invented the first value in his table, in order that it would agree more closely with observations. After all, no one was capable of proving him wrong.
Suppose one assumes that Newton artificially selected the refraction for 0°, and that he calculated all of the remaining integer altitudes using a formula like Eq. (9) . Rather than calculating the half-angle values directly, he could have used interpolation [28] . Newton's tables are indeed consistent with a hyperbolic interpolation. For example, such an interpolation based on the data for altitudes 1°, 2°, and 3°r educes the 1 00 difference at 1°30 0 to zero. A problem remains for altitude 0°30 0 , however. The closest fit to this point is provided by a parabolic interpolation based on 0°, 1°, 2°, which leaves a difference of only 2 00 ; but in general parabolic interpolations work poorly on Newton's data. There is no particular reason to suppose that Newton used the parabolic form here, while using hyperbolic forms elsewhere. More likely he invented the refraction at 0°30 00 as well. On the other hand, interpolation saves little time if a closed form solution is available. It would be quite reasonable to assume that Newton calculated all of his tabulated values (except the first two) by using his closed form. The 1 00 discrepancies at 1°30 0 and 4°30 0 , possibly due to his round-off procedure, are too small to be significant. An alternate possibility is transcription error. According to Scott [29] , the handwritten original of the table is in poor condition and hard to read. It is thus easy to imagine minor errors creeping in when the original was converted to print [30] . Clearly such a point could be resolved by examining the original table.
Although Newton did not publish his solution for the linear variation of density, the model appeared to take on a life of its own. Thus in 1743, Thomas Simpson produced an analysis of the same problem, unaware that Newton had already solved it and discarded the result [31] . Simpson expressed the refraction in a simple, elegant formula, whose two parameters were set to match the measured refraction for altitudes 0°and 30°. A few decades later, Tobias Mayer worked on the same problem, and in 1770 published a refraction formula that could be shown to follow from Simpson's. Finally, James Bradley recast the formula into a slightly different form, made small adjustments to the parameters, and in 1798 published a refraction table that came into wide and prolonged use. Both Mayer and Bradley included correction tables for the effects of local temperature and pressure. In spite of the fact that none of these efforts was based on a correct atmospheric model, the linear density model became the first practical replacement for Cassini's tables. An excellent synopsis of the 18th Century research is given by Bruhns [23] .
Newton's Second Model for Astronomical Refraction
On reflection Newton recognized the flaw in his first model: that its constant density gradient would produce the same refraction at the top of the atmosphere as at the bottom. Further, he was still worried about not being able to match the 0°and 3°values (entirely understandable if one accepts that the 0°value was not actually calculated) [32] . So he started over again.
This time he used a more realistic density profile. He assumed that density was proportional to pressure, a relation well known to his contemporaries Robert Boyle and Robert Hooke. Then he could apply his analysis of the spherically symmetric static atmosphere in an inverse square law gravitational field, which he had previously published in his Principia [33]: "… if the distances [from the centre] be taken in harmonic progression, the densities of the fluid at those distances will be in a geometrical progression." (Interestingly, though Newton was familiar with Robert Hooke's earlier and much simpler proof, he neither used nor acknowledged it [10] ).
Newton's proposition is exactly what emerges if one models the isothermal atmosphere in an inverse square law gravitational field. The relation between pressure and density is given by dp=dr ¼ −gρ, where gðrÞ is the acceleration of gravity. This integrates to the law of pressure variation,
where p 0 is the pressure at the surface and H is the scale height of the atmosphere. If r is replaced by R E þ z, and z is considered to be much less than R E , i.e., gravity is taken to be constant, this reduces to the familiar exponential variation of pressure and density with elevation [34]:
The exponential model entered the public domain two decades after Newton completed his work. Brook Taylor was actually the first to publish it [35] , and for some time he carried the credit for priority in its discovery. But because of the work begun by Simpson, nearly a century passed before the exponential model reemerged. Kramp's work on the subject (1799) was considered excellent [36] , but it was soon superceded by Laplace's elegant analysis in his widely read Mé-canique Céleste of 1805 [37] . In 1825, Thomas Young summarized the history of the exponential model [38] , but because this predated the publication of Newton's correspondence, Young was unable to say much about Newton's contribution. As previously mentioned, Biot finally had access to Newton's letters in 1836. He closely followed the methods of Laplace, who had available to him all of the gas laws as well as a good estimate of the temperature lapse rate. Among modern authors, Whiteside provided an interpretation of how Newton solved both of his refraction models [39] , and Whiteside discussed in detail the relevant correspondence between Newton and Flamsteed [40] .
The modern form shows what kind of integral Newton now had to evaluate. Recall Eq. (3), here written in integral form in terms of z:
where A ¼ ½nðR E þ zÞ=K. As before, Newton correctly took the refractive power (n − 1) as proportional to density, and density as proportional to pressure. For the constant-gravity approximation, the equation is n − 1 ∝ p 0 expð−z=HÞ. Then the terms in the integrand become
Again, two parameters must be set to match the observational data. They are ερ 0 (as before) and H (this time the scale height rather than the absolute height of the atmosphere). However, the refraction integral (15) is now impossible to evaluate in closed form. From a few statements in Newton's correspondence, Biot concluded that he fitted segments of the integrand by parabolic arcs, the area under which was known. While extremely tedious, this should be quite accurate because the integrand is smooth and slowly varying. The one exception is a problem that arises at zero altitude. In this case the integrand becomes singular at the lower limit of z ¼ 0. However the integral remains finite, and the calculation can be handled (see the Appendix).
In his analysis, Biot assumed that Newton's two reference points were 0°and 45°. Although Newton's correspondence provides no evidence that he actually used these points, one could follow this line of thought for a moment. For the higher altitudes, say 45°and up, the refraction can be well estimated by an approximation expressed in terms of zenith angle θ 1 (see the Appendix):
This equation is independent of the scale height H, and thus permits solution for ερ 0 based on a single measurement [41] . If Newton had done this, he would be left with a single parameter (H) to set. Given that H appears mostly within exponential functions, this process would be extremely laborious. Speculation on how he might have done it will not be attempted.
Biot identified ερ 0 ¼ 262:5068 × 10 −6 and H ¼ 8597:78 m as his best fit to Newton's table. He carried out the numerical integration to the elevation at which the density in Newton's model would be 1% of the surface value (39; 594 m). Unfortunately, his calculations did not agree well with Newton's table.
Biot did not consider that his result might be sensitive to his chosen upper limit of integration and made no attempt to deduce the height at which Newton terminated his integration. However, when this third parameter (the upper limit h) was allowed to vary, an improved fit to Newton's table became possible. The optimum solution, which minimized the sum of the absolute errors, was ερ 0 ¼ 267:7 × 10 −6 and H ¼ 8725 m, with a reduced integration height of 29; 200 m. Table 3 summarizes the results of the calculations. The first two columns list every second entry in Newton's table, up to an altitude of 10°. Column 3 is the refraction that arises from the optimum three parameters, calculated by means of MATLAB numerical integration. The difference between this calculation and Newton's tabulation is given in column 4, in units of arcseconds. A calculation for Biot's values, based on the parameters that he identified as his best solution, appears in column 5; Biot himself did not give a tabulation. The differences in column 6 are the deviations between Biot's and Newton's values.
The three parameter solution produces a distinct improvement over that of Biot. At the altitudes of 0°and 3°, which Newton considered to be important reference points, the agreement is exact. At the integer altitudes, the maximum discrepancy is 4 00 ; most are 2 00 or less. Integer angles are again emphasized here because it seems unlikely that Newton would have calculated any integrals for the fractional angles. When a hand calculation of such complexity is discussed, it is essential to consider the possibility of interpolation [42] . Typically one would calculate only a few points, say at integer altitudes, and interpolate the intermediate points. To investigate this hypothesis, one should first see whether Newton's table is consistent with it. Three anchor points are necessary to fit a hyperbola of form y ¼ a þ ½b=ðx − cÞ to the data. If these points are chosen fairly close together, e.g., adjacent integers at the low altitudes, then almost any combination of anchor points produces an interpolation that matches Newton's table very well, with discrepancies not exceeding 1 arc sec. For example, with interpolations based on the set of altitudes [0, 1, 2], [2, 3, 4] , [4, 5, 6] , [6, 8, 10] , and [10, 15, 20] , he would have to do only 11 integrations to get the first 35 points in his table. For this selection, 8 of the interpolated points deviate only 1 00 from his table, while the remaining 16 agree exactly. When the fact that Newton was doing numerical integration by hand calculation is taken into account, a discrepancy of 1 00 must be considered to be entirely negligible. In other words, Newton's table is consistent with the interpolation hypothesis.
This postulated interpolation is the reason that the calculations presented here should be compared with the table only at integer altitudes (and perhaps not even all of those). In any case the agreement is so good that it is hard to imagine that Newton could have used an integral different from the one proposed in Eqs. (15)- (17) .
It might be of interest to calculate the refraction by using numerical values available to Newton. In his Opticks, Newton listed the refractive index of air as 3201/3200, and its specific gravity as 0.0012, without giving the temperature or pressure [43] . . These values are very different from the ones given above that match Newton's table, and, as expected, the refractions calculated with them do not agree at all with the table. The discrepancies are of the order of hundreds of arcseconds. Newton clearly did not use these values, even though they were available to him. As postulated previously, he must have set his parameters simply to match the measured refraction data.
Newton was never fully satisfied with his results and never published them. He knew that the temperature distribution in the air was an important factor [44] . He could not derive it himself from mechanical principles, as he had done for pressure, nor did he have access to any scientific observations about it. It may be for these reasons that his Opticks (in 1704) contained only a very limited discussion of astronomical refraction, for the flat-Earth case. Nevertheless, the second table was published by Edmund Halley in 1721 [45] .
Conclusions
When one considers that a 17th Century handcalculated numerical integration is being compared with that of a modern MATLAB program, the agreement is actually quite remarkable. It suggests that the integrals Newton solved to build his tables were rather similar to the ones presented here. The conclusion appears inescapable that Isaac Newton fully understood the refraction of the isothermal atmosphere and that he was the first to produce a correct mathematical model for the phenomenon.
